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The principal limiting error source in the Global
Positioning System and other modern space geodesy
techniques, such as very long baseline interferometry, is
the mismodeling of the delay experienced by radio waves
in propagating through the electrically neutral
atmosphere, usually referred to as the tropospheric delay.
This propagation delay is generally split into two
components, called hydrostatic (or dry) and wet, each of
which can be described as a product of the delay at the
zenith and a mapping function, which models the
elevation dependence of the propagation delay.
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In the last couple of decades, a number of mapping
functions have been developed for use in the analysis of
space geodetic data.  Using ray tracing through an
extensive radiosonde data set covering different climatic
regions as "ground truth", an assessment of accuracy of
most of these mapping functions, including those
developed by Saastamoinen, Lanyi, Davis (CfA-2.2),
Santerre, Ifadis, Baby, Herring (MTT), and Niell (NMF),
has been performed. The ray tracing was performed for
different elevation angles, starting at  3°.

Virtually all of the tested mapping functions provide sub-
centimeter accuracy for elevation angles above 15°.
However, stochastic techniques currently used to model
the tropospheric zenith delay require low elevation
observations in order to reduce the correlation between
the estimates of the zenith tropospheric delay and the
station height.  Based on this analysis, and for elevation
angles below 10°, only a select few of the mapping
functions were found to adequately meet the
requirements imposed by the space geodetic techniques.
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INTRODUCTION refractivity constants are the ones provided by Smith and
Weintraub [1953] and Thayer [1974] (see Table 1).

The electromagnetic signals used by modern space
geodetic techniques propagate through part of the earth's
atmosphere – specifically through an ionized layer (the
ionosphere) and a layer that is electrically neutral,
composed primarily of the troposphere and stratosphere,
referred to as the neutral atmosphere.  Unlike the ionized
part of the atmosphere, the neutral atmosphere is
essentially a non-dispersive medium at radio frequencies
(except for the anomalous dispersion of the water vapor
and oxygen spectral lines), i.e., the effects on phase and
group delay are equivalent and the availability of more
than one transmitted frequency is of no advantage in
removing the tropospheric effect.  Since the troposphere
accounts for most of the neutral atmosphere mass and
contains practically all the water vapor, the term
tropospheric delay is often used to designate the global
effect of the neutral atmosphere.  The effect of the neutral
atmosphere is a major residual error source in modern
space geodesy techniques, such as the Global Positioning
System (GPS), very long baseline interferometry (VLBI),
Doppler Orbitography and Radiopositioning Integrated
by Satellite (DORIS), satellite altimetry (as featured on
the TOPEX/Poseidon and SEASAT satellites), and
satellite laser ranging (SLR).

Smith and Weintraub Thayer
[1953] [1974]

K1 77.61±0.01 77.60±0.014
K2 72±9 64.8±0.08
K3 (3.75±0.03)⋅105 (3.776±0.004)⋅105

Table 1 - Experimentally determined values for the
refractivity constants (K1 and K2 are in K⋅mbar-1, K3  is
in K2⋅mbar-1).

The tropospheric delay contribution dtrop to a radio
signal propagating from a satellite to the earth's surface
is given in first approximation by [Langley, 1992]:
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where dgeo is the geometric delay that accounts for the
difference between the refracted and rectilinear ray paths
(ray bending), given by

The neutral atmosphere affects the propagation of
microwaves, causing a propagation delay and, to a lesser
extent, bending of the ray path.  These effects depend on
the real-valued refractive index, n, along the signal ray
path, more conveniently expressed by another quantity,
the refractivity, N:
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and where r is the geocentric radius, θ is the refracted
(apparent) satellite elevation angle, ε is the non-refracted
(geometric or true) satellite elevation angle, rs is the
geocentric radius of the earth's surface, and ra is the
geocentric radius of the top of the neutral atmosphere.

N n= − ⋅1 106a f , (1)

which can be expressed, in general, as  [Thayer, 1974]

This equation is valid for a spherically symmetric
atmosphere, for which n varies simply as a function of
the geocentric radius.  The first integral in equation (3)
represents the difference between the electromagnetic
and geometric lengths of the refracted transmission path.
For a signal coming from the zenith direction, the
geometric delay is zero; hence, for a spherically
symmetric atmosphere equation (3) becomes at the
zenith:
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where Pd is the partial pressure of  the dry gases in the
atmosphere, e is the partial pressure of the water vapor, T
is the absolute temperature, Zd is the compressibility
factor for dry air, Zw is the compressibility factor for
water vapor, and Ki are constants empirically
determined.
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The compressibility factors are corrections to account for
the departure of the air behavior from that of an ideal gas
and depend on the partial pressure due to dry gases and
temperature [Owens, 1967].  The most often used sets of

The delay just defined is the tropospheric zenith delay.
The integration of the total refractivity expressed by
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equation (2) depends on the mixing ratio of moist air.  As
shown in Davis et al. [1985], it is possible to derive a
new refractivity definition for which the first term is
dependent on the total mass density ρ only.  Following
this formalism, the total refractivity can be expressed as
the sum of a hydrostatic component (versus dry
component using the formalism expressed in equation
(2)) and a wet component:

The mapping functions were tested for the standard
formulations specified by the authors.  Site-optimized
mapping functions, such as those derived by Ifadis
[1986], and additional functions by Chao [Estefan,
1994], for example, are not included in our analysis.  The
latter represent a significant improvement over the
original function tested here, but remain unpublished.

The original model developed by Hopfield [1969] and a
model developed by Rahnemoon [1988] are not included
in this analysis.  The first is numerically stable only if
computed in quadruple precision; using ray tracing
through standard profiles, we found [Mendes and
Langley, 1994] that its accuracy is very similar to that
provided by the Yionoulis algorithm, as expected. The
second is a numerical-integration-based model, for which
an explicit product of a zenith delay and a mapping
function can be formed only artificially.
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where Rd is the specific gas constant for dry air, and K2
'

= (17±10) K⋅mbar-1 [Davis et al., 1985].

The zenith delay can be related to the delay that the
signal would experience at other elevation angles through
the use of mapping functions.  If the mapping functions
are determined separately for the hydrostatic and the wet
component, the tropospheric delay can be expressed as:

CODE REFERENCE
BB Baby et al. [1988]

d d m d mtrop h
z

h w
z

w= ⋅ + ⋅ε εa f a f (6)
BL Black [1978]
BE Black and Eisner [1984]

where dh
z  is the zenith delay due to dry gases, dw

z  is the
zenith delay due to water vapor, mh is the hydrostatic
component mapping function, mw is the wet component
mapping function and ε, as above, is the non-refracted
elevation angle at the ground station (some mapping
functions use the refracted angle, θ).

CH Chao [1972]
DA Davis et al. [1985]
GG Goad and Goodman [1974]
HE Herring [1992]
HM Moffett [1973]
IF Ifadis [1986]
LA Lanyi [1984]

A recent advance in estimation techniques (especially in
VLBI) is the inclusion of observations at low elevation
angles, which reduce the correlation between the
estimates of the zenith atmospheric delay and the station
heights [e.g. Rogers et al., 1993]. Lichten [1990] also
found that GPS baseline repeatability improves when low
elevation GPS data is included in the estimation process.
There is some irony here: errors in the mapping
functions, which increase at low elevation angles, can
induce systematic errors in the estimation of the
tropospheric delay, which will introduce errors in the
vertical component of the estimated positions; on the
other hand, the inclusion of low elevation observations
will likely improve the precision of the baseline vector
estimates [e.g. Davis et al., 1991; MacMillan and Ma,
1994].   This constant need for better mapping functions
in the analysis of space geodetic data was the motivation
for the assessment of fifteen mapping functions through
comparison with ray tracing through radiosonde data.
The mapping functions assessed in this study and the
corresponding codes used in the tables of results are
listed in Table 2.

MM Marini and Murray [1973]
NI Niell [1993a,1993b,1994]
SA Saastamoinen [1973]
ST Santerre [1987]
YI Yionoulis [1970]

Table 2 - List of the mapping functions. (Note: BL, BE,
GG, HM, ST, and YI are based on the Hopfield [1969]
model; CH, DA, HE, IF, MM, and NI are based on the
Marini [1972] continued fraction form.)

Typographical errors in some publications (e.g. Ifadis
[1986], Lanyi [1984], Baby et al. [1988]) were corrected
[Ifadis, 1994; Cazenave, 1994].  Whenever required, we
used nominal values for the temperature lapse rate (6.5
K/km) and tropopause height (11 231 m – a value
suggested in Davis et al. [1985]).  For the case of the
Baby et al. (hereafter simply called Baby) and
Saastamoinen functions, the apparent elevation angle
rather than the geometric elevation angle was used, as
required by the functions.
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RAY TRACING mapping-function errors only, a different approach than
that used by Janes et al. [1991].

To compute the tropospheric delay components to be
used as benchmark values, radiosonde data from nine
stations (see Table 3) representing different climatic
regions was used.  The data pertains to the year 1992,
each station having typically two balloon launches per
day, at 11 h and 23 h UT (U.S. controlled stations) and 0
h and 12 h UT (Canadian stations), and consist of height
profiles of pressure, temperature and relative humidity.
Radiosonde profiles with obvious errors (e.g. no surface
data recorded) were discarded.

HYD (m) WET (m)
STATION mean rms mean rms
San Juan 2.316 0.005 0.264 0.045

Guam 2.281 0.009 0.274 0.062
Nashville 2.270 0.012 0.151 0.081
Denver 1.908 0.012 0.073 0.040
Oakland 2.313 0.010 0.115 0.035
St. John's 2.268 0.026 0.092 0.056

Whitehorse 2.108 0.021 0.060 0.031

For each ray trace, the hydrostatic and the wet
components of the tropospheric delay were computed
separately using the refractivity constants determined by
Thayer [1974] and the hydrostatic/wet formalism
expressed in Davis et al. [1985].  The geometric delay
(ray bending term) was added to the hydrostatic
component. The mean and the root-mean-square (rms)
about the mean of the NP values of the hydrostatic and
wet components of the zenith delay computed from the
ray traces for each station are shown in Table 4.

Kotzebue 2.299 0.025 0.056 0.042
Alert 2.282 0.022 0.032 0.023

Table 4 - Statistical summary of the ray traces for the
hydrostatic (HYD) and wet components of the zenith
delay for the different radiosonde stations.

For the total delay, virtually all of the tested mapping
functions have discrepancies with respect to the ray-
tracing results of less than 5 mm for elevation angles
above 30°, but only the Baby, Herring, Ifadis, Lanyi, and
Niell mapping functions showed submillimeter accuracy.
The lack of correction values for elevation angles at 30°
and above in the Saastamoinen mapping function
explains a comparatively better performance of the
function at 15° for most of the sites.

STATION ϕϕ (°°N) λλ (°°W) H (m) NP
San Juan 18.43 66.10 3 675

Guam 13.55 215.17 111 736
Nashville 36.12 86.68 180 745
Denver 39.75 108.53 1611 753

For elevation angles above 10°, the performance of the
mapping functions can be classified into three major
groups.  The least satisfactory performance is shared by
the Hopfield-based functions and the Marini-Murray
mapping function.  For this first group, the great part of
the discrepancies is due to the disregard of the geometric
delay inherent in the definition of the tropospheric delay.
The mapping function developed by Santerre [1987]
represents a substantial improvement over the rest of the
group.  The best performances are achieved by the
remaining functions based on the Marini [1972]
continued fraction form, and by the Baby, Lanyi, and
Saastamoinen functions.  Both the Lanyi and Davis
mapping function differences with respect to ray tracing
indicate some seasonal and/or latitude dependence,
which might be caused by the use of nominal values for
the tropopause height and temperature lapse rate.  As
those parameters are generally not known exactly, the
procedure of using nominal values is likely the one that
will be used in the implementations of these mapping
functions in software for most space geodetic data
analyses.

Oakland 37.73 122.20 6 740
St. John's 47.62 52.75 140 713

Whitehorse 60.72 135.07 704 719
Kotzebue 66.87 162.63 5 687

Alert 82.50 62.33 66 720

Table 3 - Approximate locations of the radiosonde sites
and the corresponding number of profiles (NP) used. H is
the height of the station above the geoid.

RESULTS AND CONCLUSIONS

The results of our assessment are summarized in Tables 5
to 9.  In Tables 5 to 8, the mean values of the differences
between the delays computed using the mapping
functions and the ray-trace results corresponding to
elevation angles of 30°, 15°, 10° and 3° (and  separately
for the hydrostatic, wet, and total delay) are listed; the
rms differences for the total delay only, and for the same
elevation angles, are listed in Table 9.

Although some of the mapping functions were designed
to model observations above a certain elevation angle,
results for lower elevation angles are presented for
illustrative purposes.  It should be pointed out that the
values tabulated represent the differences due to

Among the group of models performing the best, the
precision of the Niell, Herring, and Ifadis mapping

4



functions stands out even at high elevation angles and it
is quite remarkable at very low elevation angles (less
than about 10°), showing biases with respect to the
"benchmark" ray-trace values which are about one to two
orders of magnitude smaller than those obtained using
other functions.  The Niell and Ifadis functions have
smaller biases than Herring's at low elevation angles, but
Ifadis' functions show less scatter than Niell's.  The worst
performance of the Niell mapping functions, both in
terms of bias and long-term scatter, happens for high
latitudes.  The phenomena of temperature inversions
affect some of the models and is responsible for the large
short-term scatter shown by those mapping functions
using temperature as a parameter.  In these cases, the
surface temperature value driving the models is not
representative of the conditions aloft, resulting in a
biased determination of the delay (see Figure 1).
Although some of the functions were designed to be used
for elevation angles above 10°, only the Baby and
Saastamoinen functions break down very rapidly below
this limit, as illustrated in Table 8.
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